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Abstract

A continuous mapping of a simply connected, closed, bounded set of the
euclidean plane into itself is known to have at least one fixed point. It is
shown that the usual condition for the fixed point to be unique, and for conver-
gence of the iteration sequence to the fixed point, can be relaxed if the

mapping is defined by an analytic function of a complex variable.
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We consider the problems of the existence and of the construction cf

solutions of the equation

(1) z = F(z) ,

where the function F 1is analytic in some domuin § of the complex plane.
Such solutions are called fixed points of F . By standard results in real
nunerical analysis, it follows Immediately that F has at least one fixed
point if 5 is bounded and simply connected, F 1is continuous on the
closure 3' of 5 , and F(S')c s' . If the mapping defined by F is

contracting, then there is a unique fixed point, and the iteration sequence

defined by

(‘2) Zn+l = F(Zn) s = O, l, 2‘?, see

converges to the fixed point for every choice of Z4 €S5'. If S 1is convex,
a necessary and sufficient condition for the mapping to be contracting is

that the derivative F' of F satisfies
o <
(3) |F'(z)| =k, z€ 5,

where k< 1.

It is the purpose of this note to show that the hypothesis that F 1is
contracting can be dispensed with due to the analyticity of F. The argument
provides an opportunity to apply some basic facts of complex variable theory

in a constructive setting.

TIEOREM. Let S denote the interior of a Jordan curve I' , let F be

anulytic in ¢ and continuous on SUT , and let F(SUT)c S . Then F

has exactly one fixed point, and the iteration sequence defined by () con-




verges to the fixed point for arbitrary 24 €ESUTl

Clearly, there are functions F satisfying the hypotheses for which

|F'| is arbitrarily large, eeg., F{z) =~% e

<
1n ‘z‘ =] .
Proof. We first prove the Theorem in the case where S 1is the unit disk.

Here the hypothesis implies

(4) rsw max AR < 1.,
\z\gl

The point s is a fixed point if and only if it is a zero of z = F(z)e To
prove the existence of a zero, we apply Rouchle's theorem ([1], p. 124) with

in the role of the "big" function and F(z) in the role of the "small"
functions The essential hypothesis of Rouch®'s theorem is satisfied in view
of (4)s It follows thut z = F(z) has exactly as many zeros inside |z| =1
ac % , namely onee.

Let s denote the unique fixed point. In order to prove the convergence

of the. iteration sequence, let

Z e 5
t(z) = - .
l1=28
<
This is a linear transformation which maps |z| = 1 onto itself and sends s
into 0 . Hence the function G=to F, t-l has the fixed point 0 « It is

: i < c
ontinucus and maps |z| = ' onto a closed subset of |z| <1 , hence

k:= sup |G(z)] <1
|21

We may assume that k > 0 , for otherwise G , and consequently F , is con-
sbant, and convergence takes place in cne stepe The function k'lc vanishes

at O and is bounded by 1, hence by the Lemma of Schwarz ([1], p. 110),



o v Y

k'1|G(z)\ E |=| and consequently,

(5) la(z)| S k|z|

for all <z such that |z] =1 . Tet W= t(zr) . Since

)

W

of 1, -l 2]
41 © t(zn+l) = ;(}(:n t(F(t (wn))) = u(wn) , 1t follows from (5) thut

W g ) = % |

and hence that \wn\ s kn|wo| » implying that w_+ 0 . Hence
z, = t-l(wn) -+ t-l(O) =S .

To prove the Theorem for an arbitrary Jordan domain S , we require a lesc
elementary tcol, the Osgood-Caratheodory theorem ((2], p. 92-y8) stating the
existence of a function g that maps S conformally onto |z| <1 and
535Ul continuously and one-to-one onto |z| § 1 . The function
H=go Fo g-l is easily seen to satisfy the hypotheses of the Theorem for
the unit disk. Furthermore, if the points =z ~are defined by () and
W, = g(zn) s thenw .. = H(wn) . Thus the validity of the Theorem for the unit
disk implies the validity for a general G&.

In line with the paedagogical nature of this notc, we add some rroblems
amrlifying its content.

) < _er
1) chow that k = T+ 2 .

2) In the cace where S 1is the unit disk, show that

<
‘Zn'S\=(l+r)kn’n=0,l,2,n-n .

3) et F'(s) = F'(8) & sss = F(m'l)(s) = 0 ; F(m)(s) #0
for sorme integer m> 1., If S is the unit disk, establish the fcllowins

error 2slimule cshowing superlinear convergence:
3
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Research problem.

analytic equations?

z -3 S (L+r)k

nel

: 2
I Fmim + eee +m
s N =1, 25 eoe

Can similar resultc be established for systems of
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